The coherent dynamics of the exciton center-of-mass motion in bulk GaN are studied using degenerate four-wave-mixing (FWM) spectroscopy with Laguerre-Gaussian (LG) mode pulses. We evaluate the exciton orbital angular momentum (OAM) dynamics from the degree of OAM, which is derived from the distributions of OAM (topological charge) of the FWM signals. When excitons are excited with two single-mode LG pulses, the exciton OAM decay time significantly exceeds the exciton dephasing time, which can be attributed to high uniformity of the exciton dephasing in our bulk sample because the decoherence of the exciton OAM is governed by the angular variation in the exciton dephasing. We also analyze the topological charge ( ) dependence of the OAM decay using a multiple-mode LG pump pulse, which allows us to simultaneously observe the dynamics of the exciton OAM for different values under the same excitation conditions. The OAM decay times of the = 1 component are usually longer than those of the = 0 component. The -dependent OAM decay is supported by a phenomenological model which takes into account the local nonuniformity of the exciton dephasing.
I. INTRODUCTION
Optical vortices have azimuthal phase structures that can be expressed as exp (i φ), where is an integer and φ is the azimuthal angle in the beam cross section, and these vortices carry orbital angular momentum (OAM) owing to the rotational energy flow vectors around phase singularities where the intensity of the fields vanishes. Since Allen et al. [1] demonstrated that a Laguerre-Gaussian (LG) beam with the azimuthal phase structure exp (i φ) carries an OAM of per photon, research on optical vortices has spread to various fields, including solid-state-device applications such as spintronics [2] , information storage [3] [4] [5] , processing [6] [7] [8] , and quantum computation [9] . In such devices, information multiplexing using the OAM degree of freedom may significantly increase information capacity. Moreover, the topological aspects of OAM offer unique photoexcitations in semiconductors such as chiral imbalance of electrons [10] , circular current [11, 12] , magnetic field [13, 14] , spin-polarized photoemission [15] , and the photovoltaic effect [16] . In general, topological vortices are stable against continuous deformations, which is crucial for the above applications.
In our earlier studies, we demonstrated coherent excitations of the center-of-mass motion of semiconductor excitons with OAM via four-wave mixing (FWM) using LG pulses [17] . The dark centers associated with the phase singularities were observed in FWM signals, and their time evolution showed that the exciton OAM was coherently excited during the exciton dephasing time T 2 . A similar result was reported by another group using a CdTe/CdZnTe quantum well sample [18] . Those characteristics were subsequently analyzed using OAMresolved FWM spectroscopy [19] , wherein the OAM spectra of the FWM signals indicated high purity of the exciton OAM when illuminated with single-mode LG pulses. However, while the time evolution of the FWM signals suggests that the decay of the exciton OAM should be longer than T 2 , the details of the intrinsic decay dynamics, including robustness against scattering, disorder, and/or correlation, are still unclear.
In principle, the coherent FWM dynamics of excitons reflects the dephasing of exciton polarization induced by shortrange disorder, wherein the spatial variations are averaged out over the optical excitation area. On the other hand, the OAM dephasing of the exciton center-of-mass motion results in transverse mode distributions and thus can provide information on the spatial variations in the dephasing.
In this study, we investigate the effects of spatially variant dephasing on the exciton OAM theoretically (Sec. II) and experimentally (Secs. III and IV). In the experiments, the exciton OAM dynamics is evaluated by the degree of OAM in the OAM spectra of the FWM signal. The exciton OAM with the topological charge of = +4 shows a subnanosecond decay, which is considerably longer than T 2 (Sec. IV A). We also demonstrate the topological charge dependence of the exciton OAM dynamics, wherein a multiple-mode LG pulse is used as one of the excitation pulses to compare the OAM decay for different values of . The decay of the = +1 component is usually longer than that of the = 0 component (Sec. IV B). The -dependent OAM decay is discussed in terms of the spatially dependent dephasing (Sec. V).
II. COHERENT DYNAMICS OF EXCITON OAM
We analyze the exciton OAM via degenerate FWM using LG pulses. We first examine the FWM process in Fig. 1 , where we consider a two-level exciton system for simplicity. As shown in Fig. 1(a) , we use a pair of pulses with a degenerate frequency of ω 0 , wave vectors k i , and topological charge i , where i = 1 and 2 represent the pump and probe pulses, respectively. The pump pulse with wave vector k 1 first excites the system to a coherent superposition state between the ground and excited states, thereby creating exciton polarization [see Fig. 1(b) ]. The polarization immediately undergoes dephasing after the excitation. When the probe pulse with wave vector k 2 arrives within the polarization dephasing time, the pulse promotes the system to the excited state or back to the ground state according to the phase of polarization. In real space, this process produces a spatially modulated excited-state grating, and its decay is governed by the dephasing of the exciton polarization. The probe pulse is then self-diffracted into the direction 2k 2 − k 1 by the grating.
Schematic of four-wave mixing (FWM) using LaguerreGaussian pulses in (a) real space and (b) the corresponding time sequence. For simplicity, a two-level exciton system is presented in (b).
The exciton dephasing dynamics are thus obtained by detecting the signal as a function of the delay time τ between the pump and probe pulses [20] [21] [22] [23] [24] .
For single-mode LG pulses with i = 0, the excited-state grating generates forklike fringes, and the resulting selfdiffracted FWM signal exhibits an LG mode with = 2 2 − 1 if the excitons completely conserve the OAM in the FWM process. On the other hand, the spatial distributions of scattering, disorder, and/or correlation induce angular modulations on the exciton coherence and generate the = 2 2 − 1 components in the FWM signal based on the Fourier relationship between the angular position and OAM [25, 26] . Therefore, we can evaluate the coherent dynamics of the exciton OAM by measuring the distribution of , i.e., the OAM spectrum [27, 28] of the FWM signal. In the experiments, the OAM spectra were obtained with the mode conversion technique using a spatial light modulator (SLM) [9, 29] . Programmable holograms on the SLM decompose the FWM signal into a series of LG components with different values of .
Here, we introduce descriptions of the FWM using LG pulses for the exciton OAM dynamics. In the case when k i /|k i | ≈ e z , where e z denotes the unit vector along the z direction, the incident electric field for colinearly polarized pump and probe pulses can be written in the cylindrical coordinates (r,φ,z) as
Here, A(t) represents the temporal envelope of the optical pulses. We define the delay time τ > 0 when the pump pulse precedes the probe pulse. The amplitude distribution of an LG mode U (r) is
where w is a parameter associated with the beam size. The distribution U (r) corresponds to a ring-shaped intensity profile for an LG beam with ring radius ρ (the distance between the beam center and the position at which the LG beam exhibits its peak intensity) defined by
It is to be noted that U 0 (r) corresponds to a Gaussian distribution and the ring radius ρ is thus undefined. When the pulse duration is considerably shorter than the exciton dephasing time, A(t) can be treated as a δ function. The third-order nonlinear polarization P (3) (along the 2k 2 − k 1 direction) induced by the LG pump and probe pulses is subsequently expressed as
where (t − τ ) represents the Heaviside step function. The term α(r,φ,t,τ ) associated with the exciton system is expressed as
where both the dipole matrix element μ x and dephasing rate γ exhibit spatial variation owing to the spatially dependent scattering, disorder, and/or correlation. It is to be noted that we neglect the spatial variation in the resonance energy ω x .
In the time evolution of the exciton polarization, γ (r,φ), i.e., spatially dependent dephasing, modulates the angular distribution of the exciton center-of-mass motion and generates a distribution of in the OAM spectrum. In order to verify the effects of spatially dependent dephasing γ (r,φ), we consider the Fourier relationship between the OAM and angular distribution for the exciton polarization P (3) (r,φ,z,t,τ ) in Eq. (4). The relationship is described as follows [25, 26] :
where x = 2 2 − 1 , and we neglect the spatial dependence of μ x to restrict ourselves to consider the effects of the spatially dependent dephasing γ (r,φ). The OAM spectrum of the FWM signal is obtained from C( ,r,t,τ ) in Eq. (7) as
It is apparent from Eqs. (7) and (8) that if the exciton dephasing rate γ is spatially (azimuthally) uniform, C( ,r,t,τ ) can be described by δ , x . As a result, there is a single nonzero component at = x in the OAM spectrum. On the other hand, the spatially (azimuthally) dependent dephasing γ (r,φ) yields nonzero C( ,r,t,τ ) for = x and therefore induces spectral broadening in the OAM spectrum. This indicates that the spatially dependent dephasing γ (r,φ) results in decoherence 045205-2 of the exciton OAM, and the time-resolved measurement (i.e., measuring the τ dependence) of the OAM spectrum of the FWM signal allows us to evaluate the exciton OAM decoherence.
III. EXPERIMENT
In the experiments, the pulses of ∼175 fs from a frequencydoubled mode-locked Ti: sapphire laser (repetition rate of 76 MHz) were used to perform the two-pulse degenerate FWM measurements. The center wavelength (λ 0 = 2πc/ω 0 ) of 356.4 nm with the spectral width of 1.1 nm was selected to resonantly excite the exciton resonances of GaN. In our measurements, the exact λ 0 was slightly changed (±0.5 nm) to optimize the resonance condition. The colinearly polarized two pulses were converted into LG modes and focused onto the sample with a lens (f = 200 mm). The FWM signal in the reflection geometry was detected either with a charge-coupled device (CCD) camera or with a monochromator equipped with a CCD after passing through another mode conversion setup for the OAM-resolved measurements. The average power before the focusing lens was fixed to be ∼1 mW for both the pump and probe beams. The beam radius on the sample was estimated to be ∼50 μm. The total group-delay dispersion induced by our experimental setup was evaluated to be 2300 fs 2 , which resulted in the pulse duration of ∼190 fs on the sample. For the LG mode conversions for the excitation and signal detection, we used programmable holographic gratings on SLMs (Hamamatsu Photonics, X10468), where the pixel size is 20 μm with a pitch of 0.2 μm. The sample of a free-standing GaN (thickness of 70 μm) grown using a lateral epitaxial overgrowth technique was mounted inside the He-flow cryostat, and its temperature was kept at ∼10 K for all measurements. Details on the linear optical properties of the sample have been reported in Ref. [30] .
IV. EXPERIMENTAL RESULTS

A. Exciton OAM excited with single-mode LG pulses
We first consider the case for the single-mode LG pulse excitation: the pump pulse with 1 = −2 and the probe pulse with 2 = +1. The corresponding result has already been reported in Ref. [19] . In the report, we attributed origins of imperfect OAM conversions to = 0 modes of the excitation pulses by comparing the results obtained using different excitation modes. Here, we focus on the decay dynamics of the exciton OAM, and as described below, we newly introduce the degree of OAM to evaluate the intrinsic exciton OAM dynamics. Figure 2 (a) illustrates the spectrum of the FWM signal and excitation pulse. The spectral peak of the excitation pulse is positioned between the heavy-hole exciton (X A ) resonance at 3.474 eV and light-hole exciton (X B ) resonance at 3.479 eV. The simultaneous excitations of X A and X B results in quantum beats (QBs) of FWM signals [23, 24] .
Figures 2(b) and 2(c) show the intensity profiles and OAM spectra of the pump and probe pulses, respectively. The distinct peaks in the OAM spectra indicate the successful single-mode generation of the 1 = −2 pump and the 2 = +1 probe pulses. In the experiment, second-and first-order-diffracted beams mention here that we added three extra mirrors in the optical path of the probe pulse to change the sign of 2 (+2 → −2). It is important to note that in our previous work, we used the i = 0 mode as one of the excitation pulses and observed an intense = 0 = 2 2 − 1 component in the OAM spectrum. This = 0 anomaly is attributed to the contamination of the i = 0 mode in the excitation pulses [19] . In this experiment, we employed LG pulses with i = 0 for both the pump and probe pulses. As a result, we could strongly reduce the the effect of = 0 anomaly in the OAM spectra and thus more accurately evaluate the exciton OAM coherence. Figures 2(e) and 2(f) show the OAM spectra of the FWM signal observed at the first and fourth QB peaks. The intensity profiles are also shown in the insets. The ring-shaped intensity pattern associated with the phase singularity is clearly observed, and the corresponding OAM spectrum indicates that the = x = +4 is distinct, thereby suggesting that the exciton OAM is nearly completely preserved at least up to τ = 2.5 ps. This is also confirmed in Fig. 2(d) , where the = +4 component is predominant for most of the delay time τ . However, in these results, the decay dynamics of the OAM is unclear because the FWM signal is limited by T 2 .
To extract the intrinsic OAM decay from the dephasing dynamics, we analyzed the degree of OAM, which is given by
where W n denotes the spectral power weight of the = n component. The degree of OAM (P n ) is an excellent measure to evaluate the exciton OAM decoherence because P n decreases with increasing OAM spectral broadening. Figure 3 shows the time evolution of P 4 , wherein the summation is performed from = 0 to 10 to preserve experimental accuracy. While the result clearly indicates that the OAM transfer is nearly perfect (P 4 ≈ 1) within the dephasing time T 2 ≈ 1.9 ps, it is also observed that P 4 slowly decreases with τ , thus indicating exciton OAM decoherence. When we assume that P 4 is governed by the exponential decay of exp (−2τ/T OAM ), the OAM decay time T OAM is evaluated to be 88 ± 3 ps. This value is considerably larger than the exciton dephasing time T 2 ≈ 1.9 ps. As pointed out in Sec. II, the coherence of the exciton OAM is lost due to the azimuthal variation in the dephasing γ (r,φ), meaning that the OAM decay reflects the global uniformity of the dephasing. Because we use the bulk GaN sample, the observed long OAM decay time, which is considerably longer than T 2 , is reasonable. In fact, our previous strain-field analysis using a spatially resolved FWM suggests that the spatial variation in the exciton dephasing rate is small [32] . In other words, the decay of the exciton OAM allows us to evaluate the spatial uniformity of the sample with high sensitivity.
Further in Fig. 3 , we also observe a periodic reduction in P 4 , which is synchronized with the oscillation period of the QB. The periodic reduction in P 4 is thus attributed to the shifts of QB oscillation of the = x (= +4) components. Indeed, the contaminant = +3 component in Fig. 2(d) shows a small phase shift relative to = +4. In general, the QB phase is sensitive to the spin-dependent exciton-exciton interactions [33] . For a typical example, in bulk GaN, the QBs in the colinear polarization excitation show no phase shift while the QBs in the cocircular polarization excitation show a shift between X A and X B . Since we use the colinear polarization configuration, the QBs ideally show no phase shift. However, the shift can arise if there is some spatial symmetry breaking (where the spin states are not well defined). Therefore, it is reasonable to consider that the contaminant component arises at the position with an azimuthal symmetry breaking, for example, around the localized potential, in which the effects of exciton correlation are expected to be enhanced [32] . Indeed we observed that the phase shift was changed depending on the location of the sample.
B. Exciton OAM excited with multiple-mode LG pump and single-mode Gaussian probe pulses
In the previous subsection, we observed the exciton OAM decoherence for x = 4 and obtained the long OAM decay time T OAM . Next, we demonstrate the x dependence of the exciton OAM decoherence. The x dependence of the exciton OAM decoherence is predicted from the uncertainty principle for the OAM and angular distribution, i.e., φ 1/2 [34] . The details are discussed in the next section with the use of a simplified model for spatially dependent dephasing. In this subsection, we experimentally examine the x dependence of the exciton OAM decoherence.
In order to compare the OAM decay for different values of x under similar conditions concerning such as the spatial overlap between the pump and probe pulses, positions of the sample, and the sample temperature [21, 22] , we employed a multiple-mode LG pulse as the pump pulse. 5 . The time evolutions of P 0 and P 1 (with a logarithmic vertical scale). The dashed curves indicate the sinusoidal exponential decays obtained by our fitting [36] . The solid lines are the exponential decays exp(−2τ/T OAM ) extracted from the fitting curves and shown to highlight the difference of the decay times T OAM between P 0 (15.6 ± 0.1 ps) and P 1 (46 ± 2 ps).
in Figs. 4(a) and 4(b), respectively. The OAM spectrum of the probe pulse exhibits a single peak at 2 = 0 while that of the pump pulse shows the distribution resulting from the angular restriction of the beam [see the inset of Fig. 4(a) ]. In order to obtain the OAM-resolved FWM signals with a similar intensity, we optimized the highest peak of the pump pulse to be located at 1 = −1 by superimposing a fork dislocation on the angularly restricted grating [35] . In Fig. 4(a) , the dominant components of the pump pulse are 1 = 0, − 1, and −2. Since the probe pulse beam can be approximately regarded as the pure 2 = 0 mode, we expect that the FWM signal consists of x = 2 2 − 1 = 0, + 1, and +2. Figure 4 (c) shows the time evolution of the OAM-resolved FWM signals at = 0, + 1, and +2. The result shows QB dynamics similar to that in Fig. 2(d). Figures 4(d)-4(g) show the OAM spectra obtained at the peak positions of the QB. One may consider that the OAM spectrum of the FWM signal is equal to that of the multiple-mode pump pulse with opposite sign ( x = 2 2 − 1 = − 1 when 2 = 0). However, the FWM spectrum exhibits significant difference with respect to the pump spectrum, which arises from the topological charge dependence of the FWM conversion efficiency due to the difference of the spatial overlap between the LG modes given by U 1 (r)U 2 2 (r) in Eq. (4). By using the OAM spectra of the excitation pulses in Fig. 4(a) and using Eq. (8), we calculate the OAM spectrum under the spatially uniform dephasing condition. As shown in Figs. 4(d)-4(g) , the calculations well reproduce the experimental results. We note that the FWM signal intensities of the = 0 and 1 components are nearly identical, and this allows us to compare the two components under similar excitation conditions [21, 22] .
Although the calculated spectrum well reproduces the experimental spectrum at τ = 0, its time series shows some differences: For example, the = +1 component at the fourth peak [ Fig. 4(g)] . Moreover, the difference between the intensities for = 0 and = +1 decreases as the delay time increases, suggesting x -dependent OAM decoherence. Assuming the exponential decay function in the same manner as in the previous subsection, we evaluate the OAM decay time T OAM to be 15.6 ± 0.1 ps and 46 ± 2 ps for P 0 and P 1 , respectively. We note that while these decay times are exemplary and position dependent, the decay times for x = 1 are usually longer than those for x = 0.
V. x -DEPENDENT EXCITON OAM DECAY
In Sec. IV B, we observed the x dependence of the OAM decay time T OAM . The OAM decay times for x = 1 are usually longer than those for x = 0. Although both the excitation condition and position of the sample are different from those in Sec. IV B, the degree of OAM P 4 in Sec. IV A exhibits the longest OAM decay time in our experiments. These results indicate that the exciton OAM decay time increases with increasing x . In this section, using numerical calculations, we show that the spatially dependent dephasing results in such x -dependent exciton OAM decoherence. Figure 6 shows the x dependence of the OAM decoherence in the presence of spatially dependent dephasing γ (r,φ). To easily understand this phenomenon, we employed a simplified model in which the spatial variation in γ was induced only by a pointlike defect located at (r 0 ,φ 0 ) and the exciton dephasing rate on the defect γ (r 0 ,φ 0 ) was different from that in the defectfree region [see the insets of Figs. 6(a)-6(c)]. As discussed in Sec. II, such spatially dependent dephasing modifies the angular distribution of exciton polarization and results in the OAM decoherence. We remark here that we only consider a single defect for γ (r,φ) although many defects may contribute to the signal. However, as shown in Sec. IV A, the profile of the FWM signal is nearly identical to that of an LG mode, thereby indicating that the number of defects that can modify the angular distribution of the exciton polarization [i.e., P (3) in Eq. (4)] is very limited. Therefore, we believe that our simplified model is reasonable for qualitative analysis. We note that the efficiency of the OAM decoherence (the OAM decay time) depends on the defect position (r 0 ,φ 0 ). In our model, the defect is located at the position where the most efficient OAM decoherence occurs for each value of x .
We first consider the results of the numerical calculations for x = 2 2 − 1 = 0 in Figs. 6(e) and 6(f). When x = 0, P (3) in Eq. (4) corresponds to a ring-shaped distribution, and the defect located on the ring restricts the angular extent of the exciton center-of-mass motion at τ > 0 [see Figs. 6(b) and 6(c)]. The resulting OAM spectra in Figs. 6(e) and 6(f) thus exhibit OAM spectral broadening, thereby indicating that the coherence of the exciton OAM with = x is partially lost. It is noteworthy that there is virtually no broadening if the defect is positioned near or far from the beam center since P (3) with x = 0 has no field amplitude. As for the x dependence of the OAM decoherence, Figs. 6(e) and 6(f) indicate that the broadening reduces with increasing x . The x -dependent broadening can be understood by the uncertainty relationship φ 1/2. Assuming that the pointlike defect has a finite size of a, φ is approximately 2π − a/ρ, where ρ is given by Eq. (3). Since ρ is proportional to the square root of the topological charge x , φ increases with increasing x for the defect with fixed a. Consequently, the broadening decreases with increasing x . In other words, the OAM coherence is robust against the spatially dependent dephasing γ (r,φ) for higher values of x .
Next, we consider the case of x = 0. When x = 0, i.e., P (3) is described by a Gaussian field, the most efficient OAM decoherence occurs when the defect is positioned in the vicinity of the center of the field. We note that the defect at the exact field center shows no broadening due to its rotational symmetry. Since the pointlike defect is only slightly shifted from the center, the distribution of P (3) is restricted to a small angular extent, and thus, the broadening is large compared to the case of x = 0 [see Figs. 6(a) and 6(d)]. The above discussion suggests that the exciton OAM decay time T OAM becomes larger with increasing x . This prediction is consistent with our experimental results in Sec. IV.
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VI. SUMMARY
In summary, we investigated the coherent dynamics of exciton OAM transferred by LG pulses via FWM in bulk GaN. To extract the intrinsic OAM decay from the dephasing dynamics, we analyzed the degree of the exciton OAM, which was derived from the OAM spectrum of the FWM signal. The result shows nearly a subnanosecond decay for = x = +4, which is considerably longer than T 2 . We also demonstrated the topological charge dependence of the exciton OAM dynamics, wherein a multiple-mode LG pulse was employed as the excitation pulse to compare the OAM decay for different values of x . The decay of the = x = +1 component is usually longer than that of the = x = 0 component, thereby suggesting robustness of the exciton OAM. Both the observed long OAM decay time and its topological charge dependence are explained on the basis of the uncertainty relationship between the angular distribution and OAM. The angular extent of the exciton center-of-mass motion, which is determined by the azimuthal variation in the exciton dephasing, is large for larger x . Consequently, the exciton OAM shows a smaller distribution, thereby resulting in a longer OAM decay time. This tendency was verified by the numerical calculations. On the other hand, the subnanosecond decay of the x = +4 exciton implies that the spatial variation in the dephasing is small in our bulk sample. In other words, the degree of the OAM allows us to evaluate the spatial uniformity of the dephasing even without scanning the sample. One straightforward way to test this ability is a comparison with a less spatially homogeneous sample, which will be investigated elsewhere.
